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 Answers: (i) the interval 88.4 to 92.1, (ii) the population was given as normally distributed, so it 

was necessary to use the Central Limit Theorem. 
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Chapter 5: Hypothesis testing using a Normal Distribution 
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ONE TAILED AND TWO TAILED TESTS 

 

 

 

 

 

 

 

 

 

 

Salm
an

 Faro
oq



 [138] Compiled by: Salman Farooq 

CRITICAL Z-VALUES 

 

 

 

 

 

 

 
Salm

an
 Faro

oq



 [139] Compiled by: Salman Farooq 

SUMMARY OF CRITICAL VALUES AND REJECTION CRITERIA 
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HYPOTHESIS TEST 1: TESTING 𝜇𝜇 (THE MEAN OF A POPULATION)  

 

Test 1a: Testing 𝝁𝝁 when the population X is normal and the variance 𝝈𝝈𝟐𝟐 is known (any 
size sample)  

 

Example 1 
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Test 1b: Testing 𝝁𝝁 when the population X is not normal, the variance 𝝈𝝈𝟐𝟐 is known and the 
sample size n is large 

 

Example 3 

 

Test 1c: Testing the mean 𝝁𝝁 of a population X where the variance 𝝈𝝈𝟐𝟐 is unknown and the 
sample size n is large 
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Homework: Hypothesis testing using Normal Distribution– Variant 
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Homework: Hypothesis testing using Normal Distribution– Variant 
71 & 73 
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 Answers: (i) Assume that the standard deviation is unchanged. No evidence that the mean speed 

has decreased. (Ii) yes. Population distribution was unknown.  
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Chapter 6: Hypothesis Testing Using a Binomial Distribution 
HYPOTHESIS TEST FOR A BINOMIAL PROPORTION P 
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Example 1 

 

Example 2 

 

TESTING A POPULATION PROPORTION FOR LARGE SAMPLES 
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TYPE I AND TYPE II ERRORS FOR TESTS INVOLVING THE BINOMIAL 
DISTRIBUTION 
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TESTING THE POPULATION MEAN FOR A POISSON DISTRIBUTION 
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TYPE I AND TYPE II ERRORS FOR TESTS INVOLVING THE POISSON 
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Homework: Hypothesis Testing Using Poisson and Binomial– Variant 
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Homework: Hypothesis Testing Using Poisson and Binomial– Variant 
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 Answers: (i) 3.5 or 35/12, (ii) 0.0192, (iii) die is biased. mean of 50 throws ≥ 3 N13/73/Q5 
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 Answers: (i) no evidence that the proportion of plants reaching 1m has increased. (ii) H0 was not 

rejected so a Type II error might have been made. (iii) 0.0282 
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6 Probability & Statistics 2 (for Paper 6)
Knowledge of the content of Paper 5: Probability & Statistics 1 is assumed, and candidates may be required to 
demonstrate such knowledge in answering questions. Knowledge of calculus within the content for Paper 3: Pure  
Mathematics 3 will also be assumed.

6.1 The Poisson distribution

Candidates should be able to: 

 • use formulae to calculate probabilities for the 
distribution Po m^ h 

Notes and examples

 • use the fact that if X Po+ m^ h then the mean 
and variance of X are each equal to m

Proofs are not required.

 • understand the relevance of the Poisson 
distribution to the distribution of random events, 
and use the Poisson distribution as a model

 • use the Poisson distribution as an approximation 
to the binomial distribution where appropriate

The conditions that n is large and p is small should be 
known; n > 50 and np < 5, approximately.

 • use the normal distribution, with continuity 
correction, as an approximation to the Poisson 
distribution where appropriate.

The condition that m  is large should be known; 
152m , approximately.

6.2 Linear combinations of random variables

Candidates should be able to: 

 • use, when solving problems, the results that
 – E(aX + b) = aE(X) + b and  

Var(aX + b) = a2 Var(X) 
 – E(aX + bY) = aE(X) + bE(Y)
 – Var(aX + bY) = a2 Var(X) + b2 Var(Y) for 

independent X and Y
 – if X has a normal distribution then so does 

aX + b 
 – if X and Y have independent normal 

distributions then aX + bY has a normal 
distribution

 – if X and Y have independent Poisson 
distributions then X + Y has a Poisson 
distribution.

Notes and examples

Proofs of these results are not required.

Salm
an

 Faro
oq



Cambridge International AS & A Level Mathematics 9709 syllabus for 2020, 2021 and 2022. Subject content  

31www.cambridgeinternational.org/alevelBack to contents page

6 Probability & Statistics 2

6.3 Continuous random variables

Candidates should be able to: 

 • understand the concept of a continuous random 
variable, and recall and use properties of a 
probability density function

Notes and examples

For density functions defined over a single interval 
only; the domain may be infinite, 

e.g. 
x
3
4  for x 1H .

 • use a probability density function to solve 
problems involving probabilities, and to calculate 
the mean and variance of a distribution.

Including location of the median or other percentiles 
of a distribution by direct consideration of an area 
using the density function. 
Explicit knowledge of the cumulative distribution 
function is not included.

6.4 Sampling and estimation

Candidates should be able to: 

 • understand the distinction between a sample and 
a population, and appreciate the necessity for 
randomness in choosing samples

Notes and examples

 • explain in simple terms why a given sampling 
method may be unsatisfactory

Including an elementary understanding of the use of 
random numbers in producing random samples.
Knowledge of particular sampling methods, such as 
quota or stratified sampling, is not required. 

 • recognise that a sample mean can be regarded as 
a random variable, and use the facts that 

E X n=_ i  and that X nVar
2v

=_ i  

 • use the fact that X_ i has a normal distribution if 
X has a normal distribution

 • use the Central Limit Theorem where appropriate Only an informal understanding of the Central Limit 
Theorem (CLT) is required; for large sample sizes, 
the distribution of a sample mean is approximately 
normal.

 • calculate unbiased estimates of the population 
mean and variance from a sample, using either 
raw or summarised data

Only a simple understanding of the term ‘unbiased’ is 
required, e.g. that although individual estimates will 
vary the process gives an accurate result ‘on average’.

 • determine and interpret a confidence interval for 
a population mean in cases where the population 
is normally distributed with known variance or 
where a large sample is used

 • determine, from a large sample, an approximate 
confidence interval for a population proportion.
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6 Probability & Statistics 2

6.5 Hypothesis tests

Candidates should be able to: 

 • understand the nature of a hypothesis test, the 
difference between one-tailed and two-tailed 
tests, and the terms null hypothesis, alternative 
hypothesis, significance level, rejection region 
(or critical region), acceptance region and test 
statistic

Notes and examples

Outcomes of hypothesis tests are expected to 
be interpreted in terms of the contexts in which 
questions are set.

 • formulate hypotheses and carry out a hypothesis 
test in the context of a single observation from 
a population which has a binomial or Poisson 
distribution, using
 – direct evaluation of probabilities
 – a normal approximation to the binomial or 

the Poisson distribution, where appropriate

 • formulate hypotheses and carry out a hypothesis 
test concerning the population mean in cases 
where the population is normally distributed with 
known variance or where a large sample is used

 • understand the terms Type I error and Type II 
error in relation to hypothesis tests

 • calculate the probabilities of making Type I and 
Type II errors in specific situations involving 
tests based on a normal distribution or direct 
evaluation of binomial or Poisson probabilities.
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Command words
The table below includes command words used in the assessment for this syllabus. The use of the command word 
will relate to the subject context. 

Command word What it means

Calculate work out from given facts, figures or information

Describe state the points of a topic / give characteristics and main features

Determine establish with certainty

Evaluate judge or calculate the quality, importance, amount, or value of something

Explain set out purposes or reasons / make the relationships between things evident / provide 
why and/or how and support with relevant evidence

Identify name/select/recognise

Justify support a case with evidence/argument

Show (that) provide structured evidence that leads to a given result

Sketch make a simple freehand drawing showing the key features

State express in clear terms

Verify confirm a given statement/result is true
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5 List of formulae and statistical tables (MF19)
 

2 

PURE MATHEMATICS 
 
Mensuration 
 Volume of sphere = 34

3 rπ  

 Surface area of sphere = 24 rπ  

 Volume of cone or pyramid = 1
3 base area height× ×  

 Area of curved surface of cone = slant heightrπ ×  

 Arc length of circle rθ=    (θ in radians) 

 Area of sector of circle 21
2 r θ=    (θ in radians) 

 
Algebra 
 For the quadratic equation 2 0ax bx c+ + = : 

2 4
2

b b acx
a

− ± −
=  

 For an arithmetic series: 

  ( 1)nu a n d= + − , 1 1
2 2( ) {2 ( 1) }nS n a l n a n d= + = + −  

 For a geometric series: 

  1n
nu ar −= , (1 )   ( 1)

1

n

n
a rS r

r
−

= ≠
−

, ( )       1
1

aS r
r∞ = <

−
 

 Binomial series: 

  1 2 2 3 3( )    
1 2 3

n n n n n nn n n
a b a a b a b a b b− − −     
+ = + + + + +     

     
K , where n is a positive integer 

  and !
!( )!

n n
r r n r

 
=  − 

 

  2 3( 1) ( 1)( 2)(1 ) 1
2! 3!

n n n n n nx nx x x− − −
+ = + + + +K , where n is rational and   1x <  
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3 

Trigonometry 
sintan
cos

θθ
θ

≡  

  2 2cos sin 1θ θ+ ≡ , 2 21 tan secθ θ+ ≡ , 2 2cot 1 cosecθ θ+ ≡  

sin( ) sin cos cos sinA B A B A B± ≡ ±  

cos( ) cos cos sin sinA B A B A B± ≡ m  

tan tantan( )
1 tan tan

A BA B
A B
±

± ≡
m

 

sin 2 2sin cosA A A≡  
2 2 2 2cos 2 cos sin 2cos 1 1 2sinA A A A A≡ − ≡ − ≡ −  

2
2 tantan 2

1 tan
AA

A
≡

−
 

 Principal values: 

  1
2− π⩽ 1sin x−  ⩽ 1

2 π , 0 ⩽ 1cos x− ⩽ π , 11 1
2 2tan x−− π < < π  

 
Differentiation 
  f( )x  ′f ( )x  

  nx  1nnx −  

  ln x  1
x

 

  ex  ex  

  sin x  cos x  

  cos x  sin x−  

  tan x  2sec x  

  sec x  sec tanx x  

  cosec x  cosec cotx x−  

  cot x  2cosec x−  

  1tan x−  2
1

1 x+
 

  uv  d d
d d
u vv u
x x
+  

  u
v

 2

d d
d d
u vv u
x x

v

−
 

 If f( )x t=  and g( )y t=  then d d d
d d d
y y x
x t t
= ÷  
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4 

Integration 
 (Arbitrary constants are omitted; a denotes a positive constant.) 

  f( )x  ∫ f( ) dx x  

  nx  
1

1

nx
n

+

+
 ( 1)n ≠ −  

  1
x

  ln x  

  ex  ex  

  sin x  cos x−  

  cos x  sin x  

  2sec x  tan x  

  2 2
1

x a+
 11 tan x

a a
−  
 
 

   

  2 2
1

x a−
 1 ln

2
x a

a x a
−
+

 ( )x a>  

  2 2
1

a x−
 1 ln

2
a x

a a x
+
−

 ( )   x a<  

 d dd d
d d
v uu x uv v x
x x

= −∫ ∫   

 f ( ) d ln f ( )
f ( )

x x x
x
′

=∫   

 
Vectors 
 If 1 2 3a a a= + +a i j k  and 1 2 3b b b= + +b i j k  then 

    1 1 2 2 3 3. cosa b a b a b θ= + + =a b a b  
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8 

PROBABILITY & STATISTICS 
 
Summary statistics 
 For ungrouped data: 

  xx
n
Σ

= , standard deviation 
2 2

2( )x x x x
n n

Σ − Σ
= = −  

 For grouped data: 

  xfx
f

Σ
=
Σ

, standard deviation 
2 2

2( )x x f x f x
f f

Σ − Σ
= = −

Σ Σ
 

 
Discrete random variables 

E( )X xp= Σ ,  2 2Var( ) {E( )}X x p X= Σ −  

 For the binomial distribution B( , )n p : 

  (1 )r n r
r

n
p p p

r
− 

= − 
 

, npµ = , 2 (1 )np pσ = −  

 For the geometric distribution Geo(p): 

  1(1 )r
rp p p −= − , 1

p
µ =  

 For the Poisson distribution Po( )λ  

  e
!

r

rp
r

λ λ−= , µ λ= , 2σ λ=  

 
Continuous random variables 

E( ) f( ) dX x x x= ∫ ,  2 2Var( ) f( ) d {E( )}X x x x X= −∫  

 
Sampling and testing 
 Unbiased estimators: 

  xx
n
Σ

= , 
2 2

2 2( ) 1 ( )
1 1

x x xs x
n n n

 Σ − Σ
= = Σ − − −  

 

 Central Limit Theorem: 
2

~ N ,   X
n
σµ

 
 
 

 

 Approximate distribution of sample proportion: 

(1 )N ,  p pp
n
− 
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9 

FURTHER PROBABILITY & STATISTICS 
 
Sampling and testing 
 Two-sample estimate of a common variance: 

 
2 2

2 1 1 2 2

1 2

( ) ( )
2

x x x xs
n n

Σ − + Σ −
=

+ −
 

 
Probability generating functions 
 G ( ) E( )X

X t t= , E( ) G (1)XX ′= , 2Var( ) G (1) G (1) {G (1)}X X XX ′′ ′ ′= + −  
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10 

THE NORMAL DISTRIBUTION FUNCTION 
 
If Z has a normal distribution with mean 0 and 
variance 1, then, for each value of z, the table gives 
the value of Φ(z), where 
 
 Φ(z) = P(Z ⩽ z). 
 
For negative values of z, use Φ(–z) = 1 – Φ(z). 
 

z 0 1 2 3 4 5 6 7 8 9 
1 2 3 4 5 6 7 8 9 

ADD 
0.0 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319 0.5359 4 8 12 16 20 24 28 32 36
0.1 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753 4 8 12 16 20 24 28 32 36
0.2 0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064 0.6103 0.6141 4 8 12 15 19 23 27 31 35
0.3 0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517 4 7 11 15 19 22 26 30 34
0.4 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879 4 7 11 14 18 22 25 29 32

                    

0.5 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 0.7190 0.7224 3 7 10 14 17 20 24 27 31
0.6 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486 0.7517 0.7549 3 7 10 13 16 19 23 26 29
0.7 0.7580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 0.7852 3 6 9 12 15 18 21 24 27
0.8 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133 3 5 8 11 14 16 19 22 25
0.9 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8389 3 5 8 10 13 15 18 20 23

                    

1.0 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621 2 5 7 9 12 14 16 19 21
1.1 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790 0.8810 0.8830 2 4 6 8 10 12 14 16 18
1.2 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015 2 4 6 7 9 11 13 15 17
1.3 0.9032 0.9049 0.9066 0.9082 0.9099 0.9115 0.9131 0.9147 0.9162 0.9177 2 3 5 6 8 10 11 13 14
1.4 0.9192 0.9207 0.9222 0.9236 0.9251 0.9265 0.9279 0.9292 0.9306 0.9319 1 3 4 6 7 8 10 11 13

                    

1.5 0.9332 0.9345 0.9357 0.9370 0.9382 0.9394 0.9406 0.9418 0.9429 0.9441 1 2 4 5 6 7 8 10 11
1.6 0.9452 0.9463 0.9474 0.9484 0.9495 0.9505 0.9515 0.9525 0.9535 0.9545 1 2 3 4 5 6 7 8 9 
1.7 0.9554 0.9564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.9633 1 2 3 4 4 5 6 7 8 
1.8 0.9641 0.9649 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9706 1 1 2 3 4 4 5 6 6 
1.9 0.9713 0.9719 0.9726 0.9732 0.9738 0.9744 0.9750 0.9756 0.9761 0.9767 1 1 2 2 3 4 4 5 5 

                    

2.0 0.9772 0.9778 0.9783 0.9788 0.9793 0.9798 0.9803 0.9808 0.9812 0.9817 0 1 1 2 2 3 3 4 4 
2.1 0.9821 0.9826 0.9830 0.9834 0.9838 0.9842 0.9846 0.9850 0.9854 0.9857 0 1 1 2 2 2 3 3 4 
2.2 0.9861 0.9864 0.9868 0.9871 0.9875 0.9878 0.9881 0.9884 0.9887 0.9890 0 1 1 1 2 2 2 3 3 
2.3 0.9893 0.9896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916 0 1 1 1 1 2 2 2 2 
2.4 0.9918 0.9920 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932 0.9934 0.9936 0 0 1 1 1 1 1 2 2 

                    

2.5 0.9938 0.9940 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9952 0 0 0 1 1 1 1 1 1 
2.6 0.9953 0.9955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962 0.9963 0.9964 0 0 0 0 1 1 1 1 1 
2.7 0.9965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9973 0.9974 0 0 0 0 0 1 1 1 1 
2.8 0.9974 0.9975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981 0 0 0 0 0 0 0 1 1 
2.9 0.9981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986 0 0 0 0 0 0 0 0 0 

 
Critical values for the normal distribution 

 
If Z has a normal distribution with mean 0 and 
variance 1, then, for each value of p, the table 
gives the value of z such that 
 
 P(Z ⩽ z) = p. 
 

p 0.75 0.90 0.95 0.975 0.99 0.995 0.9975 0.999 0.9995

z 0.674 1.282 1.645 1.960 2.326 2.576 2.807 3.090 3.291
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